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ABSTRACT OF THE TALK

e | will discuss how the Ginzburg—Landau (GL) model of superconductivity
arises as an asymptotic limit of the microscopic Bardeen—Cooper—Schrieffer

(BCS) model.

e The asymptotic limit may be seen as a semiclassical limit and one of the main
difficulties is to derive a semiclassical expansion with minimal regularity as-
sumptions.

e |t is not rigorously understood how the BCS model approximates the underlying
many-body quantum system. | will formulate the BCS model as a variational
problem, but only heuristically discuss its relation to quantum mechanics.
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SUPERCONDUCTIVITY AND SUPERFLUIDITY

Superconductivity is the phenomenon that certain materials have zero electrical resis-
tance below a critical temperature.
This is a quantum phenomenon on a macroscopic scale.

A brief history of superconductivity:
1911 Onnes discovers superconductivity experimentally

1950 Ginzburg and Landau provide a phenomenological macroscopic model for
superconductivity

1957 Bardeen, Cooper and Schrieffer propose a microscopic theory and introduce
the concept of Cooper pairs

1959 GGor’kov gives a derivation of GL theory from BCS theory

In addition, important contributions from Bogoliubov, de Gennes, ...

The related phenomenon of superfluidity concerns fluids with zero viscosity. While
originally discovered in liquid helium, it is currently being explored in experiments on
ultracold atomic gases.
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THE GINZBURG—LANDAU MODEL

Let C C R® be a compact set and let A and W be vector and scalar potentials on C. Set

e w)= [

c [31](—N +2A(2)) ¥ (2)[* + BoW ()[4 (x)|* — BsDJa(w)* + B4|¢(~”C)|4} dz

Here, B1, B3, B4 > 0, By € R and D € R are coefficients.

Ginzburg—Landau energy E%L = inf,;, SSL(@&)

A minimizing 1 describes the macroscopic variations in the superfluid density. The
normal state corresponds to ) = 0, while |¢)| > 0 means superfluidity (or supercond.).

Question: Is the optimal ¢ =0 or not?
For us, C = [0, 1]? and % satisfies periodic boundary conditions (torus)

One is often interested in minimizing over both v and A, adding an additional field energy
term. For us, A is fixed (but arbitrary).
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THE BCS MODEL

State of the system described by a 2 x 2 operator-valued matrix (op. in L*(R?) @ L?(R?))

I = ( T ) with 0<T <1
a 1—7%
Here, 0 < v < 1 is the 1-particle density matrix, and a the Cooper-pair wavefunction.
FECS(T) .= Ty K(—ihv +hA(@)? — p+ hQW(:C)) 7} A TTeTInT
[ vt e—waty)Pdedy
CxR3

Again C = [0,1]3, T is periodic and Tr stands for the trace per unit volume.
BCS energy FBECS = infp FEO5(I)
The normal state corresponds to o = 0, while || > 0 describes Cooper pairs.

Question: Is the optimal o =0 or not?
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REMARKS ABOUT THE BCS MODEL
FEOS(I) = Tr | ((—ihV + hA())* = p+B2W(2)) 7| + T TrTInT

* //C V(h (@ —y))lale,y)? de dy

Can be heuristically derived from a many-body Hamiltonian for spin % fermions with
two-body interaction V' via two simplifications. First, one restricts to quasi-free
states, and second one drops the direct and exchange term in the interaction
energy.

Microscopic data: chemical potential i, temperature T', interaction potential V'
Macroscopic data: vector magnetic potential A, scalar electric potential W

What is h? It is the ratio of the microscopic and macroscopic scale.

Technical assumptions: V real-valued, V(z) = V(—z) and V € L3/2(R3)
W and A periodic and W (p), |A(p)|(1 + |p|) € ¢*
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THE NORMAL STATE

Let us first discuss the non-superfluid case, i.e.,

: Bes ([0 . B B
0Bl /T ((0 1-7))—Oigil{TrH’HTTf(VIHWF(l ) In(1 — 7))}

= —TTrln (1 + e_H/T)
with H = (—ihV + hA(2))? + W2 W (z) — p.

This infimum is attained iff I' is the normal state

normal 1

norma T 0 normal __ H/T

[hormal , (1 ) .
( 0 1 — 7%ormal> T te

Order of magnitude of free energy: By Weyl’s law,

T
(27h)3

J,—_-BCS (F%ormal) — _TTrln (1 1+ 6_H/T) ~ / ln(l i 6_p2/T>dp as h — 0.
R3
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'THE CRITICAL TEMPERATURE

Define
Tc(h) .= sup {T >0 Fj]?CS < Fj]%CS (F%ormal)}
T,(h) == inf {T > 0: FpS = FROS (ryermal)}

Lemma 1. T.:=limy g T.(h) =limy_,oT.(h) exists in [0, 00) and is characterized by

infspec (Kp+V)<0 f0<T<T,,
infspec (Kr+V)>0 o T>1T,,

where KT = (—A — p) coth((—A — p)/2T) in L*(R3).

Note that 7. does not depend on the ‘macroscopic’ A or W.

In the following, we shall assume that V' and p are such tAhat T. > 0, and that the
eigenvalue 0 of K1 + V is simple. This is satisfied, e.g., if V' < 0 (and # 0).

Let o denote the normalized eigenfunction of K7+ V corresponding to its eigenvalue 0.
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MAIN RESULTS: ASYMPTOTICS OF ENERGY AND MINIMIZERS

THEOREM 1. Fiz D € R and let T = T,(1 — h®D). For appropriate By, ..., By,

Fj]?CS _ Cz]?CS (F%Ormal) 4 h (EgL + 0(1))

with EGL = inf,, £8% (1)) and const. h? > o(1) > —const. h'/5 for small h.

THEOREM 2. IfT is an approximate minimizer of F2“° at T = T.(1 — h?D),
wn the sense that

JT'EZ]%CS<F) < F%CS(F%ormM) 4+ h <ESL —|—6)

for some small € > 0, then the corresponding o can be decomposed as

a = g(w(x)&o(—ihV) + ao(—ihV)y(z)) + o

with [ [, ps lo(z,y)|? dz dy < const. h3/® and

ESL () < ESY 4 € + const. h1/®
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REMARKS ON...

. energy asymptotics:

Fj]?CS _ 7]§>CS<F111ﬂormal) + h (EgrL 4+ 0(1>)

o %CS(F%"rmal) ~ Ch™3, hence GL theory gives an O(h?*) correction to the main term.

e For smooth enough A and W, one could also expand FEC5(I'aermal) to order h. We

bound directly the energy difference, however!

. asymptotics of almost minimizers:

o = g(w(x)&o(—ihV) L Qo(—ihV)Y(x)) + o
e [hat is,
a,) = 555 (6a) + ¥ a0 (572) + a(a.) ~ 56 (252) a0 (52

e To appreciate [[|o(z,y)|*dzdy < const.h®/3, note that for the main term
[[1h2Y((x +y)/2)ao((xz — y)/h)|* de dy = const. b~ 1.
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THE COEFFICIENTS IN THE GL FUNCTIONAL

Ep (1) = /C [\IB%W(—N +24) 0|+ BaW[pP — BaDJy? + Bafus|*| da

Let ¢ be the Fourier transform of 2K ay = —2V ag, where ||ag||2 = 1. Let
e?? — 2ze* — 1
22(1+e#)?2

91(2) = 92(2) = 91(2) +291(2) /2 .

Then the matrix By and the numbers By, B3 and By are given by (8. = T71)

(B1);; = f—g /Rg t(p)? (0ij91(Be(p® — 1)) + 2Bepipj 92(Be(p® — 1))

=% [ Pl - ) s

_ /BC 2 —2 Bc 2 dp
B3 = r /RB t(p)“ cosh (7(p — ,u)) e Bs > 0,

B 2 91(Be(p® — ) dp
TG /RS o) = poo (2m)37

Bs

Bs > 0.
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MAIN RESULTS: ASYMPTOTICS OF THE CRITICAL TEMPERATURE

For every ¢ € H;.(C),

£5-0)= [|Bi/2<—z'v o4y 6|+ BaWIof? — ByDIwf? + Bal]*| da

is an affine-linear, non-increasing function of D with £5%(0) = 0.

Thus, EgL IS a non-positive, non-increasing and concave function of D. Let

D,=sup{D eR: EG" =0}
—inf{DeR: EE" <0}
= B3 ' infspec ((—iV + 24)By(—iV + 2A4) + By W)

Corollary 1.

1 Tc(h) — TC 1 Tc(h) o Tc
e T.h2 T T.h?2

— D,
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KEY SEMICLASSICAL ESTIMATES

For ¢y € H2 _(R%) and t “sufficiently nice”, let A denote the operator
h . .
A = -5 (Y(x)t(=ihV) + t(—=ihV)Y(z))

The effective Hamiltonian on L?(R%) ® C? is

Ha - ( (—ihV + hA(2))” — 1+ h2W (2) A )

A — (ihV 4+ hA(z))® + p — h2W (z)

THEOREM 3. Let f(z) = —In(1+4+ e %) and ¢(p) = %pt(p) tanh(g(p —u)). Then
hd
5 T (f(BHa) = f(3HO) = W By + W4 B> + O°) (9150 ) + [¥lece) )

for explicit By and E5. Moreover, the off-diagonal entry aa of [1 4 ea]=1 satisfies

< const. h374/? ( V|| m2c) + Hw||:13f{1(6))

loa = 4 @(@)p(=ihV) + o(~ihV)u()) |

Hl
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CONCLUSIONS

e Rigorous derivation of Ginzburg-Landau theory, starting from the BCS model.

e For weak external fields and close to the critical temperature, GL arises as an effec-
tive theory on the macroscopic scale.

e The relevant scaling limit is semi-classical in nature.

Some open problems:
e Treat physical boundary conditions
e Treat self-consistent magnetic fields

e Derive BCS theory from many-body quantum mechanics
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