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Type In: everything finite dimensional
(no infinite resources)

Type l-: separable Hilbert space
(e.g. quantum particle on line)

Type lll: focus on algebra of observables
(particularly useful with infinite # d.o.f.)

Thanks to Reinhard Werner for this characterisation.



> use quantum systems to communicate

> main question: how much information can | transmit?
> will consider infinite systems here...

> ... described by subfactors

> channel capacity is given by Jones index
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Classmal mformatlon theory
Subfactors and QI

Examples



Classical information theory



Image source: Alfred Eisenstaedt/The L



Alice wants to communicate with Bob using
a noisy channel. How much information can
Alice send to Bob per use of the channel?

Image source:Alfred Eisenstaedt/The L 3 X‘ Collection



Alice
i p(y|z) Bob
X Input space ‘
o ) output space
Py = Z p(yl:c)
rTEX



Measure for the information content of X

Coding: represent tuples in X" by codewords

(asymptotically, error goes to zero!)



Compare two probability distributions P, Q:

ZpazIng_z {3312?3; >O} C {37:%: >O}
0O else
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Vanishes iff P=Q), otherwise positive



Mutualinformation .

I(X:Y)=H(Y) -~ HX|Y)

here the conditional entropy is defined:

H(Y|X) zpaz (YX = x)

some algebra gives: P. = {p( y|:13 } P = prP’

pr



What is the maximum amount of information we
can send through the channel?




encode — decode
®— n channels —>- @
N message :

Maximum error for all possible encodings:
Pe (n, N)









C = CSha'n
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Quantum information



> work mainly in the Heisenberg picture

> observables modelled by von Neumann algebra
> consider normal states on O

> channels are normal unital CP maps £ : 0 — N

> Araki relative entropy S(w, ¢)
S(p,0) = Tr(plog p — plog o)



Alice prepares a mixed state p:
p= > pipi
1=1

...and sends it to Bob

Can Bob recover{p;}?



In general not exactly:

X({p’i}a{pz — S sz pz
= sz- Diy P

Generalisation of Shannon information



Suppose M is an infinite factor, say Type llI,
and ¢ a faithful normal state

sup Y peS(0r, @) =
Vi)



Want to compareﬁ and R, with R c R

Hy(RIR) = Sup (Z[S(wﬁi,qﬁ) — S(pidi I R, ¢ fR)])

= S(:;l;)) (x({pi}, {9i}) — x({pi}, {®i | R}))
A

X

Shirokov & Holevo, arXiv:1608.02203



For finite index inclusion R ¢ R

E:R =R, E(X*X) > Al X*X
R :R|

guantum channel, describes the
restriction of operations



Hiai, J. Operator Theory, '90; J. Math. Soc. Japan, ‘91

gives an information-theoretic interpretation to
guantum dimension
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The rate of a wiretapping channel is given by
1

lim — max (x({pz}, 25" (p2)}) — x({P=}, 5" (p2)}))

n—00 N {psz,Pz}




The Jones index 971 : M] of a subfactor gives the
classical capacity of the wiretapping channel that
restricts from 21 to 1.

L. Fiedler, PN, T.J. Osborne, New J. Phys 19:023039 (2017)
PN, arXiv:1704.05562



> use entropy formula by Hiai
> together with properties of the index
RE™: R®"| = [R : R]"
> averaging drops out: single letter formula

> coding theorem is missing



Example: quantum dimension
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Quasi-local algebra 2 = U A(A
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and local Hamiltonians H, € 2/(A)
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ground state representation
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- = observables: quasi-local algebra 2l
= dynamics given by t — a; € Aut(2)
~ = _ground state w

= GNS representat
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Endomorphism p with the following properties:

> localised: p(A) = A VA e A(A°)

> transportable: for A’'there exists o localised
and V7o (p(A)) V™ = mo(o(A))




Theorem (Fiedler, PN)

Let G be a finite abelian group and
consider Kitaev’s quantum double model.
Then the set of superselection sectors can
be endowed with the structure of a modular
tensor category. This category is equivalent
toRep D(G).

Rev. Math. Phys. 23 (2011)
J. Math. Phys. 54 (2013)
Rev. Math. Phys. 27 (2015)






Rap = mo(A((AU B)%))



but:

RaB & Ras




(A)) = mo(a(

=V € mo(A((AU B)%)) = Rag



The number of excitation types is bounded by

Hro = SUP [ﬁAB : 7ZAB]

AUB
If all excitations have conjugates, 11, Is equal
to the total quantum dimension.




Open questions



Open questions |

Codlng theorem _
Stablllty of capac:lty

Non-abelian models



